Adiabatic Fidelity for Atom-Molecule Conversion in a Nonlinear Three-Level A-system 
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We investigate the dynamics of the population transfer for atom-molecule three-level A-system on 
stimulated Raman adiabatic passage(STIRAP). We find that the adiabatic fidelity for the coherent 
population trapping(CPT) state or dark state, as the function of the adiabatic parameter, approaches 
to unit in a power law. The power exponent however is much less than the prediction of linear 
adiabatic theorem. We further discuss how to achieve higher adiabatic fidelity for the dark state 
through optimizing the external parameters of STIRAP. Our discussions are helpful to gain higher 
atom-molecule conversion yield in practical experiments. 
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In the field of ultracold atomic physics, conver- 
sion of an atomic pair to a molecule by means of 
photoassociationp] or magnetic Feshbach resonances Q is 
a hot topic both in experiment and in theory. Photoasso- 
ciation creates molecules in excited electronic level, while 
magneto-association creates molecules in high vibrational 
quantum state. In both cases, the resulting molecules are 
energetically unstable and suffer from large inelastic loss 
rate. 

One possible scheme to overcome the difficulty is 
to employ the stimulated Raman adiabatic passage 
(STIRAP)^, |, i], whose success relies on the existence 
of the coherent population trapping(CPT) state, or dark 
stateQ. In the traditional atomic A-system, the CPT 
state exists when the two-photon resonance condition is 
satisfied, hence STIRAP can be straightforwardly imple- 
mented by appropriately choosing the laser frequencies. 
In parallel to the atomic A-system, the atom-molecule 
A-system also supports a dark state, which facilitates 
the use of the STIRAP for creating the ultracold stable 
molecular state and therefore is a possible way to achieve 
the molecular Bose-Einstein condensates(BECs) from its 
atomic counterpart Q. 

Now, a lot of recent theoretical works || 0, _§] have 
been devoted to studying the dynamics, approving the 
adiabatic condition and improving the conversion effi- 
ciency of the atom-molecule coupling model. However, 
different from the atomic A- system, the atom-molecule 
A-system is essentially a nonlinear system in which the 
Hamiltonian is the functional of instantaneous quantum 
wavefunctions. More toughly, the system is no longer 
invariant under [/(l ^transformation. With these diffi- 
culties, the adiabatic fidelity that is usually defined by 
the amplitude of the inner production between the ex- 
act solution and the CPT wavefunction, is not available, 
and therefore the quantitative study of the adiabaticity 
for the CPT state in the atom-molecule system is still in 
lack. 

In the present paper, we properly define the fidelity 
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Figure 1: (a) Three-level system coupled by two lasers, Oi , Q2 
are the Rabi frequencies for the pump and Stokes laser, A and 
6 are one and two-photon detunings, respectively; (b) Time 
dependence of ill , f.2 ■ ti,ta are the centers of the two pulses 
respectively, and At is the time delay between the two pulses. 



for the CPT state in the nonlinear A-system, and taking 
advantage of it, we study the adiabaticity in the atom- 
molecule conversion system quantitatively. We find that 
the adiabatic fidelity for the dark state, as the function of 
the adiabatic parameter, approaches to unit in a power 
law. However, the power exponents are much less than 
the prediction from the linear adiabatic theorem. Then, 
we further discuss how to optimize the external param- 
eters of STIRAP process to achieve higher adiabatic fi- 
delity for the dark state. 

Our model is schematically sketched in FigfTJa). The 
initial state | a) (atomic state) and the intermediate state 
I e) (excited molecular state) are coupled by pump laser 
with Rabi frequency f^, while state |e) and the target 
state \g) (ground molecular state) are coupled by stokes 
laser with Rabi frequency fii. The frequencies of the 
applied lasers are expressed in terms of the single- and 
two-photon detunings A and 5, respectively. Without 
loss of generality, we assume that the Rabi frequencies 
f-i : 2 are real and positive. Under the two-photon res- 
onance condition, the Hamiltonian in second quantized 
form reads, 



2 



(1) 

where tpi and ipi are the annihilation and creation op- 
erators for state \i), respectively. Under the mean-field 

approximation, i.e., tpi and are replaced by c— number 
ipi and ipi, the Schrodinger equation are, 
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In the above model, the nonlinear collisions between par- 
ticles are neglected, so the only nonlinearity comes from 
the fact that it takes two atoms to form a molecule. 
Mathematically, we see that the Hamiltonian in the 
above Schrodinger equation is the functional of the in- 
stantaneous wavefunction as well as its conjugate. 

The adiabatic theory for nonlinear quantum systems 
has been set up recently in paper where new adiabatic 
conditions and adiabatic invariants are given. However, 
these discussions are restricted to systems that have U(l) 
invariance. For the atom-molecule A-system, because the 
Hamiltonian is the functional of both the wavefunction 
and its conjugate, the U (l)-invariance is broken. Instead, 
the system is invariant under the following transforma- 
tion, 
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Under this transformation, \tp) — (i/j a ,ip e ,ip g ) — * \ip ) = 

U{4>)\rj}) = (ie ! *, Vee* 2 *, i) g e l2 ^) T . In fact, when the di- 
agonal terms in the above matrix are identical, the trans- 
formation U{4>) degenerates to the U(l) transformation. 

This new kind of symmetry allows the following sta- 
tionary states with chemical potential /i, 

i' a = \4> a \ e^e"^ 4 , Ve, 9 = \^e, g \ e^e"* 2 "*, (4) 

where 
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constant, 



constant. 



(5) 



Under the normalized condition \tfj a \ + 2 \ip e \ +2 \ip g \ — 
1, it is easy to show, as in the atomic counterpart, the 
atom-molecule A— system supports a CPT eigenstate @, 
8] with zero eigenvalue. 
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When the Rabi laser pulses are ramped up adiabati- 
cally, i.e., fli^ vary in time slowly, an state that is ini- 
tially prepared as the CPT state is expected to close to 
the instantaneous CPT state during the whole process. 
The problem is how close is the above adiabatic approx- 
imation. To clarify the above question and formulate 
it quantitatively, we introduce two physical quantities, 
namely the adiabatic fidelity and the adiabatic parame- 
ter. 

For the linear system, adiabatic fidelity is introduced 
as F ad = \(ip{t)\ip a d)\ , where \ip ad ) and \tp(t)) are defined 
as the adiabatic approximate solution and the real one. 
The adiabatic fidelity approaches to unit in a power law 
of the adiabatic parameter [To|. i.e., 1 — F ad ~ e 2 . Here, 
the adiabatic parameter e is the ratio between the rate 
of energy's change and level space. For linear quantum 
systems, evaluating the adiabatic fidelity gives an good 
estimation on how close the real solution is to the adia- 
batic approximate solution [ll[. 

For the atom-molecule nonlinear system, the tradi- 
tional definition of fidelity is no longer suitable because 
the system is not invariant under J7(l ^transformation. 
We need to define new fidelity for such system. For 
convenience, we denote the fidelity of two states 
|V>i) and |V» 2 > as F am {\i) 1 ), \tp 2 )) that should satisfy 
F am (\t/j), U((/>)\ip)) = 1 for any <f>. With this considera- 
tion, we define the adiabatic fidelity as F am , = 

\(Ti\^h)\ 2 , where ||) = (£/\U\, V^f is the 

rescaled wavefunction of |£) = (£ a ,£e,£g) T ■ One can 

prove that the definition satisfies the above conditions 

and the others for fidelity definition [12]. Because we 

only concern the adiabatic evolution of the CPT state 

throughout, we denote the adiabatic fidelity as F am = 
2 

(ip(t)\CPT) where \ip(t)) = {ip a ,^e,ip g ) is the exact 
solution of the Schrodinger equation. 

For the atom-molecule three-level A-system, owing to 
the invalid of the concept of an orthogonal set of energy 
eigenstates and the linear superposition principle involv- 
ing these states, the adiabatic parameter has nothing to 
do with the energy level spacing 0. Moreover, noticing 
that the eigenstates correspond to extremum points or 
fixed points of the system energy, the fundamental fre- 
quencies of periodic orbits around the fixed points serves 
as the adiabatic parameter. These frequencies can be 
evaluated by linearizing Eq.(2) about the fixed points 
and are identical to the Bogolubov excitation spectrum 
of the corresponding eigenstate, as is demonstrated in 
0, Q , then the adiabatic parameter is expressed as, 



^1^2 — ^1^2 



^1 + ^eff 



1 



f2™jyf2i/2 



For the atom-molecule A-system, we introduce 
fti, 2 = fl' 12 e' {t ' tl - 2)2 . 
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Figure 2: (Color online)Time evolution of the adiabatic fi- 
delity for the atom-molecule three-level system with A = 
0, ti = 5.0, ti = 6.0, At = 1.0, n = 10, 100. 



Figure 3: (Color online)Final and smallest adiabatic fidelity 
for the atom-molecule three-level system as a function of the 
amplitude tt with A = 0, fi = 5.0, t 2 = 6.0, At = 1.0. 



The property of the system is related to three param- 
eters, i.e., the amplitude of the two pulses Q, 12 and the 
time delay At. So, our discussions are divided in two 
cases: the two pulses having equal amplitudes and un- 
equal amplitudes. In each case, the dependence on dif- 
ferent time delays will also be studied. 

Firstly, for convenience, we consider the two pulses 
having equal amplitudes, i.e., Q 1 = Q 2 = ^o- Substitut- 
ing Eq. © into Eq. © , we obtain the adiabatic parameter 
of the atom-molecule system: 



In the STIRAP, it is required that t\ < t 2 and only 
level | a) is populated initially, then the system evolve 
under H am . 

For easy to understand the dynamics of the population 
transfer, in figure O we show a typical change of the adi- 
abatic fidelity with time for the atom-molecule case with 
At = 1.0. Here and henceforth, the exact solution ^(t) > 
is obtained from directly solving Eq.(2) numerically us- 
ing the 4-5 order Runge-Kutta algorithm. We only focus 
on the final and the smallest adiabatic fidelity which is 
marked with F^ m and F s om (which points are labelled by 
* in figure 2) to understand the whole property of the 
system, since F^ m denotes the maximal deviation from 
CPT state in the whole process and F^ m denotes the fi- 
nal conversion efficiency. The bigger F s om is, the better 
the adiabaticity is. And the bigger Fj m is, the higher the 
conversion efficiency is. From this figure, we can see that 
pam = p a m and Ff m (n = 100) > Ff m (Cl = 10). In- 
deed, we are interested in the relationship between Ff™ 
and the amplitude Oo, and moreover we can further find 
the relationship between the adiabatic fidelity and the 
adiabatic parameter. 

Figure [3] shows the final adiabatic fidelity F^ m and 
the smallest adiabatic fidelity F s am as a function of firj 
for the atom- molecule system with At = 1.0. From this 
figure, one can see that the larger the amplitude f^o is, 
the bigger Ff™ is, which is conformed by figure 2 (where 
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Figure 4: (Color online)Final adiabatic fidelity of atom- 
molecule three-level system plotted against the pulse delay 
At for: (a) different Oo (denoted on the respective curves with 
numbers); (b) different £l 2 (denoted on the respective curves 
with numbers) at Q 1 = 10 

Ff m (n = 100) > Ff m {Q = 10)). We obtain the 
asymptotic behaviors of the lower bounds of F^ m and 
pam which can fre expressed as 

/ i \0.6 

1 - Ff m = 1 - F s am = 0.326 f — J - ( e am)0.6 _ ^ 10 ^ 

As in the linear system, there exists a power law rela- 
tionship between the adiabatic fidelity and the adiabatic 
parameter in the atom-molecule conversion system, but 
the exponent is 0.6 rather than 2. Here, the power expo- 
nent is not universal, it depends on the time delay At. 
For example, when At = 0.8, it is 0.5, At = 1.2, it is 1.3. 

In the above, we have discussed the situation when the 
two pulses having equal amplitudes f2o with At = 1.0, 
and find that the larger the amplitude f^o is, the better 
the adiabaticity is, and hance the higher the conversion 
efficiency is. That is to say, we can optimize conversion 
efficiency by increasing the amplitude of the pulses Oo. 

How the conversion efficiency changes with the time 
delay is also interesting because it is most concerned in 
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practical experiments. In figure BJa), the final adiabatic 
fidelity m is plotted as a function of the pulse delay At 
for several different values of f^o in the atom-molecule sys- 
tem. We can see that, as the delay At increases, the final 
adiabatic fidelity increases firstly, then reaches a steady 
stage depending on the amplitude Oo, finally decreases 
beyond certain values of At, which is similar to the result 
in atomic system in article|4J. So, for the atom-molecule 
system, there is a optimum segment of time delay At, 
which increases as the amplitude J7 grows, making the 
conversion efficiency to the be optimal. 

Now, we turn to consider the two pulses having un- 
equal amplitudes, and study the conversion efficiency and 
the adiabatic property, further find how to optimize con- 
version efficiency. 
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Figure 5: (Color online)Final and smallest adiabatic fidelity 
for atom-molecule three-level system (a) as a function of 
fl 2 /f2i with fixed Q l = 10 and (b) as a fuction of Q 1 /Q 2 
with fixed Q 2 = 10, A = 0, ti = 5.0, t 2 = 6.0, At = 1.0. 

Figure [5] shows F^ m and F^ m as a function of fi 2 /^i 
and f2 1 /f) 2 with At = 1.0. In figure[5^a), Q 1 is fixed, as 
fi 2 increases, we can see that both Fj m and Ff m increase 
until reach a critical point (at about f2 2 = 15 in figure 



13a)), Fg m begins to decrease while Fj m stays close at 1 
with vibration, which means the adiabaticity of the sys- 
tem is weakened as fi 2 increases, but the process can still 
realize completely population transfer. The physics be- 
hind this is that the effective coupling between \a) and \e) 
scaled as f2 2 -0 a is weakened by decreasing atom popula- 
tion on | a) , hence a higher pump Rabi frequency can rem- 
edy this kind of weakening, and enhance the two-photon 
process. So, we can improve the conversion efficiency by 
enlarging the amplitude of the pump laser f2 2 with the 
optimal match between f2 2 and Q 1 . However, we cannot 
increase the conversion efficiency through increasing the 
amplitude of the stoke laser fij, because both FJ m and 
pam d ecrease a fter the critical points, as is shown in fig- 
ure EJb). Therefore, in the following discussion, we only 
consider how the conversion efficiency changes with the 
time delay when O x is fixed and S7 2 is changed. 

In figure[4jR) , the final adiabatic fidelity Fj m is plotted 
as a function of the pulse delay At for several different 
values of fi 2 with Q 1 = 10. We find that, as the case 
of equal amplitudes, there are also a segment and some 
preferable points of time delay At making the conversion 
efficiency of the atom-molecule system to be the optimal. 
Moreover the segment increases as the the amplitude of 
the pump laser f2 2 grows. 

In conclusion, we study the adiabatic fidelity for the 
the coherent population trapping(CPT) state in the 
atom-molecule three-level A-system on stimulated Ra- 
man adiabatic passage(STIRAP) quantitatively, and dis- 
cuss how to achieve higher adiabatic fidelity for the dark 
state through optimizing the external parameters of STI- 
RAP. Our discussions are helpful to achieve higher atom- 
molecule conversion rate in practical experiments. 
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